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Abstract. In the paper we investigate the optimal control problem for elastic oscillation under multipoint influences of external
forces when oscillation process is described by Fredholm integro-differential equation. Sufficient conditions for unique solvability
of nonlinear optimization problem were found and the algorithm for constructing complete solution to this problem was developed.

INTRODUCTION

In practice, applied problems described by integro-differential equations are frequently happened [1, 2, 3]. Control
problems for processes described by partial integro-differential equations of parabolic or hyperbolic types, when
control is linearly included in the equation, were investigated in [4, 5, 6, 7, 8, 9, 10]. In fact a lot of applied problems
are nonlinear. Nonlinear problems refer to the little studied area of optimal control theory.

In this paper we consider the control problem for oscillation process when the external force is centered in several
fixed points. The actions of external forces at fixed points are mathematically described by Dirac delta function, which
is a singular generalized function; in particular, its filtering property is used. In this study sufficient conditions for
unique solvability of nonlinear optimization problem for elastic oscillations with multipoint external influences are
found. The algorithm was developed for constructing the complete solution of the nonlineraly optimization problem

in the form of triplet
(
u0(t), V0(t, x), J[u0(t)]

)
, where u0(t) is the optimal control, V0(t, x) is the optimal process, and

J[u0(t)] is the minimal value of the functional.
This control problem is the continuation of [11], and further we will use the same notations given in this work.

PROBLEM FORMULATION

We consider the problem of nonlinear optimization for elastic oscillations with multipoint controls, where it is required
to minimize the following generalized quadratic functional

J[u1(t), ..., um(t)] =
∫ 1

0

(
[V(T, x) − ξ1(x)]2 + [Vt(T, x) − ξ2(x)]2

)
dx + β

∫ T

0

m∑
k=1

p2
k[t, uk(t)]dt, β > 0, (1)

on the set of solutions to following boundary value problem

Vtt = Vxx + λ

∫ T

0

K(t, τ)v(τ, x)dτ +
m∑

k=1

gk(x)δ(x − xk) fk[t, uk(t)], 0 < x < 1, 0 < t < T,
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V(0, x) = ψ1(x), Vt(0, x) = ψ2(x), 0 < x < 1, (2)

Vx(t, 0) = 0, Vx(t, 1) + αV(t, 1) = 0, 0 < t ≤ T < ∞.
Here function V(t, x) describes the state of an elastic thread with a length equal to one, which oscillates under influ-
ences of external disturbing forces gk(x) fk[t, uk(t)], k = 1, ...m, and apply respectively to internal points x1, ..., xm of
interval (0, 1); ξ1(x), ξ1(x) ∈ H(0, 1), ψ1(x) ∈ H1(0, 1), ψ2(x) ∈ H(0, 1), pk[t, uk(t)] ∈ H(0,T ), fk[t, uk(t)] ∈ H(0,T )
are given functions, and functions fk[t, uk(t)] are nonlinear with respect to functional variable uk(t) and they are
monotonous functions, i.e.

∂ fk[t, uk(t)]
∂uk(t)

� 0, ∀t ∈ [0,T ]. (3)

Kernel K(t, τ) is defined in the region D = {0 ≤ t ≤ T, 0 ≤ τ ≤ T } and satisfies the following condition

∫ 1

0

∫ 1

0

K2(t, τ)dτdt = K0 < ∞; (4)

i.e. K(t, τ) is an element of Hilbert space H(D). H(Y) is a Hilbert space of quadratically summable functions defined
on the set Y; H1(Y) is a Sobolev space of the first order. Given functions gk(x) and its generalized derivatives are finite
on interval (0, 1) for each fixed k = 1, ...,m, δ(x − xk) is a singular generalized Dirac delta function; T is a fixed
moment of time, α is a positive constant, λ is a parameter.

The solution to boundary value problem (2) we will seek in the form

V(t, x) =

∞∑
n=1

Vn(t)zn(x), Vn(t) =
∫ 1

0

V(t, x), zn(x)dx, (5)

where

zn(x) =

√
2(λ2

n + α
2)

λ2
n + α

2 + α
cos λnx, n = 1, 2, 3, ...,

are defined as solution to following boundary value problem

z′′n (x) + λ2
nzn(x) = 0, z′n(0) = 0, z′n(1) + αzn(1) = 0.

These functions form the complete orthonormal system of eigenfunctions in the Hilbert space H(0, 1) and the cor-
responding eigenvalues λn are solutions to equation λ tan λ = α and satisfy the conditions λn < λn+1, lim

n→∞ λn =

∞, (n − 1)π < λn <
π
2
(2n − 1), n = 1, 2, 3, ....

Fourier coefficients Vn(t) are defined as solution to following linear inhomogeneous Fredholm integral equation
of the second kind

Vn(t) =
∫ T

0

Kn(t, s)Vn(s)ds + an(t), n = 1, 2, 3, ..., (6)

where

Kn(t, s) =
1

λn

∫ t

0

sin λn(t − τ)K(τ, s)dτ, K(0, s) = 0,

an(t) = ψ1n cos λnt +
1

λn
ψ2n sin λnt +

1

λn

∫ t

0

sin λn(t − τ)
m∑

k=1

gk(xk)zn(xk) fk[τ, uk(τ)]dτ.

We find the solution to integral equation (6) by the following formula [12]:

Vn(t) = λ
∫ T

0

Rn(t, s, λ)an(s)ds + an(t), (7)
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where

Rn(t, s, λ) =
∞∑

i=1

λi−1
n Kn,i(t, s), n = 1, 2, 3, ... (8)

is the resolvent of kernel Kn,1(t, s) ≡ Kn(t, s). Iterated kernels Kn,i(t, s) are defined by formulas Kn,i+1(t, s) =∫ T
0

Kn(t, η)Kn,i(η, s)dη, i = 1, 2, 3, ... and the following estimate holds

∫ T

0

R2
n(t, s, λ)ds ≤ K0T

(λn − |λ|
√

K0T 2)2
. (9)

The radius of convergence of Neumann series (8) is determined by inequality

|λ| < λn√
K0T 2

,

for the parameter λ and for each fixed n = 1, 2, 3, ....
It follows from (10) that the convergence radius of Neumann series expand when n is growing. However the

Neumann series converges for the values of the parameter λ satisfying inequality

|λ| < λ1√
K0T 2

, (10)

for every n = 1, 2, 3, ....
Note that this interval can be expanded by decreasing the value of K0.
Thus the solution to boundary value problem (2) is found by following formula

V(t, x) =

∞∑
n=1

{
ψn(t, λ) +

∫ T

0

εn(t, τ, λ)
m∑

k=1

gk(xk)zn(xk) fk[τ, uk(τ)]dτ
}
zn(x),

where

εn(t, η, λ) =

⎧⎪⎪⎨⎪⎪⎩ sin λn(t − τ) + λ
λn

∫ T
τ

Rn(t, s, λ) sin λn(s − τ)ds, 0 ≤ τ ≤ t,
λ
λn

∫ T
τ

Rn(t, s, λ) sin λn(s − τ)ds, t ≤ τ ≤ T,

ψn(t, λ) = ψ1n

[
cos λnt + λ

∫ T

0

Rn(t, s, λ) cos λnsds
]
+

1

λn
ψ2n

[
sin λnt + λ

∫ T

0

Rn(t, s, λ) sin λnsds
]
.

Computed solution V(t, x) and its generalized derivative

Vt(t, x) =

∞∑
n=1

{
ψ́tn(t, λ) +

∫ T

0

έtn(t, τ, λ)
m∑

k=1

gk(xk)zn(xk) fk[τ, uk(τ)]dτ
}
zn(x),

έtn(t, τ, λ) =

⎧⎪⎪⎨⎪⎪⎩ λn cos λn(t − τ) + λ
λn

∫ T
τ

Ŕtn(t, s, λ) sin λn(s − τ)ds, 0 ≤ τ ≤ t,
λ
λn

∫ T
τ

Ŕtn(t, s, λ) sin λn(s − τ)ds, t ≤ τ ≤ T,

∫ T

0

Ŕ2
nt(t, s, λ)ds =

K0Tλ2
n

(λn − |λ|
√

K0T 2)2
,

ψ́tn(t, λ) = ψ1n

[
−λn sin λnt + λ

∫ T

0

Ŕnt(t, s, λ) cos λnsds
]
+

1

λn
ψ2n

[
λn cos λnt + λ

∫ T

0

Ŕnt(t, s, λ) sin λnsds
]
,

are elements of the space H(Q), Q = {0 < x < 1, 0 < t ≤ T }.
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THE INCREMENT OF THE FUNCTIONAL AND OPTIMALITY CONDITION

According to monotonicity condition (3), each u(t) = {u1(t), ..., um(t)} vector-control uniquely determines the function
V(t, x). Taking into account this circumstance, we calculate the increment of functional J[u(t)]

ΔJ[u(t)] = −
∫ T

0

ΔΠ[t,V(t, x), ω(t, x), u(t)]dt +
∫ 1

0

{ΔV2(T, x) + ΔV2
t (T, x)}dx,

where

ΔΠ[t, ·, u(t)] = Π[t, ·, u(t) + Δu(t)] − Π[t, ·, u(t)],

Π[t,V(t, x), ω(t, x), u(t)] =
m∑

k=1

gk(xk)ω(t, xk) fk[t, uk(t)] − β
m∑

k=1

p2
k[t, uk(t)]. (11)

Here function ω(t, x) is a solution to following adjoint boundary value problem:

ωtt = ωxx + λ

∫ T

0

K(τ, t)ω(τ, x)dτ, 0 < x < 1, 0 ≤ t < T,

ω(T, x) = −2[Vt(T, x) − ξ2(x)],

ωt(T, x) = 2[V(T, x) − ξ1(x)],

ωx(t, 0) = 0, ωx(t, 1) + αω(t, 1) = 0. (12)

It is not difficult to prove that following assertion holds (maximum principle): In order for the control u(t) =
{u1(t), ..., um(t)} ∈ Hm(0,T ) = H(0,T ) × ... × H(0,T ) to be optimal, it is necessary and sufficient that the relation

Π[t,V(t, x), ω(t, x), u(t)] = sup
u∈F
Π[t,V(t, x), ω(t, x), u]

is satisfied for almost all t ∈ (0,T ) in the acceptable region F.

Since the acceptable region F is the open set, then as the consequence of maximum principle for optimality of
controls u1(t), ..., um(t), we obtain the following relations

2β
pk[t, uk(t)]pkuk [t, uk(t)]

fkuk [t, uk(t)]
= gk(xk)ω(t, xk), (13)

m∏
k=1

(−1)k fkuk [t, uk(t)]
pk[t, uk(t)]pkuk [t, uk(t)]

fkuk [t, uk(t)]
= gk(xk)ω(t, xk) > 0, k = 1, ...m, (14)

which are called optimality conditions. Here

fkuk [t, uk(t)] =
∂ fk[t, uk(t)]
∂uk

, pkuk [t, uk(t)] =
∂pk[t, uk(t)]
∂uk

.

SYSTEM OF NONLINEAR INTEGRAL EQUATIONS OF OPTIMAL CONTROLS

According to optimality condition (13), it is necessary to define the function ω(t, x) as a solution to the boundary value
problem (12), which is solved similarly to boundary-value problem (2). It is determined by the formula

ω(t, x) = −2

∞∑
n=1

(
−G∗n(T, t, λ)hn +

∫ T

0

G∗n(T, t, λ)En(T, τ, λ)
m∑

k=1

gk(xk)zn(xk) fk[τ, uk(τ)]dτ
)
zn(x),
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where a symbol ∗ denotes the sign of transposition,

Gn[T, t, λ] =
(
G1n[T, t, λ], G2n[T, t, λ]

)
,

En[T, τ, λ] =
(
εn[T, τ, λ], έtn[T, τ, λ]

)
,

hn =
(
ξ1n − ψn(T, λ), ξ2n − ψ́tn(T, λ)

)
,

G1n[T, t, λ] = sin λn(T − t) + λ
∫ T

0

Pn(s, t, λ) sin λn(T − t)ds,

G2n[T, t, λ] = cos λn(T − t) + λ
∫ T

0

Pn(s, t, λ) cos λn(T − t)ds,

Pn(s, t, λ) is a resolvent which appears in solving to adjoint boundary value problem and for this resolvent following
estimates hold ∫ T

0

P2
n(s, t, λ)ds ≤ K0T

(λn − |λ|
√

K0T 2)2
.

According to condition (13) with respect to optimal control u0(t), we obtain the following system of nonlinear integral
equations

β
pk[t, uk(t)]pkuk [t, uk(t)]

fkuk [t, uk(t)]
+

∞∑
n=1

gk(xk)zn(xk)G∗n(T, t, λ)
∫ T

0

En(T, τ, λ)
m∑

k=1

gk(xk)zn(xk) fk[τ, uk(τ)]dτ =

=

∞∑
n=1

gk(xk)zn(xk)G∗n(T, t, λ)hn, k = 1, ...,m. (15)

Note that the solution to this system should also satisfy the optimality conditions (14). We assume that functions
fk[t, uk(t)] satisfy the condition (14). According to the method of work [13], we introduce the notation

β
pk[t, uk(t)]pkuk [t, uk(t)]

fkuk [t, uk(t)]
= σk(t), k = 1, ...,m. (16)

According to condition (14) from (16) the functions uk(t) are uniquely determined, i.e.

uk(t) = ϕk[t, σk(t), β], k = 1, ...,m. (17)

Taking into account (16) and (17), we rewrite system (15) in vector form

σ(t) +
∞∑

n=1

Kn[x1, .., xm]G∗n(T, t, λ)
∫ T

0

En(T, τ, λ)
m∑

k=1

K∗n[x1, .., xm] f [τ, ϕ(τ, σ(τ), β)]dτ =

=

∞∑
n=1

Kn[x1, .., xm]G∗n(T, t, λ)hn,

where

σ(t) =
(
σ1(t), ..., σm(t)

)
,

Kn[x1, .., xm] =
(
g1(x1)zn(x1), ..., gm(xm)zn(xm)

)
,

ϕ[τ, σ(τ), β] =
(
ϕ1[τ, σ1(τ), β], ..., ϕm[τ, σm(τ), β]

)
,

f [τ, ϕ(τ, σ(τ), β)] =
(

f1[τ, ϕ1(τ, σ1(τ), β)], ..., fm[τ, ϕm(τ, σm(τ), β)]
)
.

Further by direct calculations following lemmas are proved.
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Lemma 1 The mth dimensional vector-function

h(t) =
∞∑

n=1

Kn[x1, .., xm]G∗n(T, t, λ)hn =
(
h1(t), ...hm(t)

)
is an element of the space Hm(0,T ) = H(0,T ) × ... × H(0,T ).

Lemma 2 The operator K maps the spaces Hm(0,T ) into itself, i.e.

K[σ(t)] =
∞∑

n=1

Kn[x1, .., xm]G∗n(T, t, λ)
∫ T

0

En(T, τ, λ)
m∑

k=1

K∗n[x1, .., xm] f [τ, ϕ(τ, σ(τ), β)]dτ

is an element of the space Hm(0,T ) for any σ(t) ∈ Hm(0,T ).

Lemma 3 Suppose that the functions fk[t, uk(t)] and ϕk[t, σk(t), β] satisfy the following Lipschitz conditions:∣∣∣ fk[t, uk(t)] − fk[t, ũk(t)]
∣∣∣ ≤ fk0

∣∣∣uk(t) − ũk(t)
∣∣∣, fk0 > 0,∣∣∣ϕk[t, σk(t), β] − ϕk[t, σ̃k(t), β]

∣∣∣ ≤ ϕk0

∣∣∣σk(t) − σ̃k(t)
∣∣∣, ϕk0(β) > 0.

Then if the condition

γ = 8T
m∑

k=1

g̃2
k0

( 1

λ2
n
+

1

6

)(
1 +

λ2K0T 2

(λ1 − |λ|
√

K0T 2)2

)
f 0ϕ0(β) < 1, f0 = max( f10, ..., fm0), ϕ0(β) = max(ϕ10(β), ..., ϕm0(β))

holds, the operator K is contractive.

For unique solvability of nonlinear optimization problem for elastic oscillations with multipoint controls, the
following theorem is true.

Theorem 4 Suppose that conditions of optimization problem (1)-(4), conditions of Lemmas 1-3 and the condition
(14) are satisfied, then operator equation σ = K[σ] + h has an unique solution in space Hm(0,T ).

Proof. As Hm(0,T ) is complete metric space and K is the operator mapping into itself, according to the well-known
theorem on contracting mappings [14], the operator equation σ = K[σ] + h has an unique solution in the space
Hm(0,T ) that can be found by the method of successive approximations

σn = K[σn−1] + h, n = 1, 2, 3, ...,

where σ0(t) is an arbitrary element of the space Hm(0,T ). The exact solution σ0(t) = lim
n→∞σn(t) and its approximations

satisfy the following relation:

‖σ(t) − σn(t)‖Hm(0,T ) ≤ γn

1 − γ ‖K[σ0(t)] + h(t) − σ0(t)‖Hm(0,T ).

Substituting the computed solution σ0(t) =
(
σ0

1
(t), ..., σ0

m(t)
)

in (17), we obtain the optimal control

u0
k(t) = ϕk[t, σ0

k(t), β], k = 1, ...,m,

which is the solution to system of nonlinear integral equations (15) and satisfying conditions (14).
Next we find the optimal process

V0(t, x) =

∞∑
n=1

{
ψn(t, λ) +

∫ T

0

εn(t, τ, λ)
m∑

k=1

gk(xk)zn(xk) fk[τ, u0
k(τ)]dτ

}
zn(x),

and calculate the minimum value of the functional

J[u0(t)] =
∫ 1

0

(
[V0(T, x) − ξ1(x)]2 + [V0

t (T, x) − ξ2(x)]2
)
dx + β

∫ T

0

m∑
k=1

p2
k[t, u0

k(t)]dt. β > 0.

The found triplet
(
u0(t), V0(t, x), J[u0(t)]

)
is a complete solution to the nonlinear optimization problem.
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