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Abstract. In the paper we investigate the optimal control problem for elastic oscillation under multipoint influences of external
forces when oscillation process is described by Fredholm integro-differential equation. Sufficient conditions for unique solvability
of nonlinear optimization problem were found and the algorithm for constructing complete solution to this problem was developed.

INTRODUCTION

In practice, applied problems described by integro-differential equations are frequently happened [1, 2, 3]. Control
problems for processes described by partial integro-differential equations of parabolic or hyperbolic types, when
control is linearly included in the equation, were investigated in [4, 5, 6, 7, 8, 9, 10]. In fact a lot of applied problems
are nonlinear. Nonlinear problems refer to the little studied area of optimal control theory.

In this paper we consider the control problem for oscillation process when the external force is centered in several
fixed points. The actions of external forces at fixed points are mathematically described by Dirac delta function, which
is a singular generalized function; in particular, its filtering property is used. In this study sufficient conditions for
unique solvability of nonlinear optimization problem for elastic oscillations with multipoint external influences are
found. The algorithm was developed for constructing the complete solution of the nonlineraly optimization problem

in the form of triplet (uo(t), VO, x), J [uO(t)]), where 1°(#) is the optimal control, V°(t, x) is the optimal process, and

J[u®(#)] is the minimal value of the functional.
This control problem is the continuation of [11], and further we will use the same notations given in this work.

PROBLEM FORMULATION

We consider the problem of nonlinear optimization for elastic oscillations with multipoint controls, where it is required
to minimize the following generalized quadratic functional

T m

1
Tt (1), et (1)] = fo (V0 - &P + VT - &P Jax 48 [ pilbmolds, p>0. ()

0 =1
on the set of solutions to following boundary value problem

T m
Vii=Ve + /lf K(t, t)v(t, x)dt + Z 8r(X)0(x — xp) felt,ux(®)], 0 <x<1, 0<t<T,
0 k=1
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V(0,x) = ¢1(x), Vi(0,x) =¢a(x), 0<x<1, @)
Vi(t,0) =0, Vi(t,1)+aV(,1)=0, 0<t<T <oo.

Here function V(z, x) describes the state of an elastic thread with a length equal to one, which oscillates under influ-
ences of external disturbing forces gi(x)fi[t, ux(t)], k = 1,...m, and apply respectively to internal points xi, ..., x,, of
interval (0, 1); &(x),& () € HO, 1), y1(x) € H1(0,1), ya(x) € HO, 1), pelt, ()] € HO,T), filt, un(0)] € HO, T)
are given functions, and functions fi[7, ux(f)] are nonlinear with respect to functional variable u;(f) and they are
monotonous functions, i.e.

Ofilt, uk (1]

#0, Yre[0,T]. 3
3ul) [0, 7] (€))
Kernel K(t, 7) is defined in the region D = {0 <t < 7, 0 < 7 < T} and satisfies the following condition
1 pl
f f K2(t, 7)drdt = Ky < o0; 4)
0o Jo

i.e. K(t,7) is an element of Hilbert space H(D). H(Y) is a Hilbert space of quadratically summable functions defined
on the set Y; H;(Y) is a Sobolev space of the first order. Given functions g;(x) and its generalized derivatives are finite
on interval (0, 1) for each fixed k = 1,...,m, d(x — x;) is a singular generalized Dirac delta function; 7 is a fixed
moment of time, « is a positive constant, A is a parameter.

The solution to boundary value problem (2) we will seek in the form

o0 1
V(I,X)=ZVn(l)Zn(X), Vn(t):f V(t, x), za(x)dx, (5)

n=1 0

- 2(22 + a?) B 123
2(X) = 4| —2————cosd,x, n=1273,..,
‘ L2+at+a

are defined as solution to following boundary value problem

where

Z(x) + 2z,(x) =0, Z,0)=0, z,(1)+az,(1)=0.

These functions form the complete orthonormal system of eigenfunctions in the Hilbert space H(0, 1) and the cor-
responding eigenvalues A4, are solutions to equation Atand = « and satisfy the conditions 14, < 4,11, lim 4, =
n—oo

co, (n—Dr<a,< ’Er(Zn— ), n=1,2,3, ...
Fourier coefficients V,,() are defined as solution to following linear inhomogeneous Fredholm integral equation
of the second kind

T
wm=j‘meW@M+%m,mnasw” ©)
0

where

1 !
K,(t,s) = n f sin A,,(t — 7)K(, s)dt, K(0,s) =0,
0

n

1 1 (" -
(1) = Y1, €O Aul + ~—P, SN Ayt + — f sin (= 7) ) @e(a)2a (o) fil T, ui(D)]dr.
/ln /ln 0 =1
We find the solution to integral equation (6) by the following formula [12]:

T
wm=1j‘m@&@%®M+%m, ™
0

060009-2



where

e

R,(t, 5, ) = Z ATVK, it s), n=1,2,3, ... 8)
i=1

is the resolvent of kernel K, (t,s) = K,(t,s). Iterated kernels K, ;(¢,s) are defined by formulas K, ;,(t,s) =
fOT K,(t,mK, (@, s)dn, i =1,2,3,... and the following estimate holds

g KoT
f R2(t, 5, Dds € —————— ©)

0 (A = VKT
The radius of convergence of Neumann series (8) is determined by inequality

n

VK, T2

] <

for the parameter A and for each fixedn = 1,2, 3, ....
It follows from (10) that the convergence radius of Neumann series expand when n is growing. However the
Neumann series converges for the values of the parameter A satisfying inequality

(10)

foreveryn=1,2,3,....
Note that this interval can be expanded by decreasing the value of Kj.
Thus the solution to boundary value problem (2) is found by following formula

m

o T
Vi) = > {une ) + f a1, 7 ) Y gz il (1 2 (),
k=1

n=1 0

where

sind,(t =) + & [T Ry(t,5,)sin (s —D)ds, 0<T<1,

&n(t,n, ) =
i { L [T Ry(t,5, D) sind,(s —)ds, 1<T<T,

T T
1
Un(t, ) = Y, [cos/lnt+/lf R, (t,s,)cos A, sds +/l—tﬁ2n [sin/l,,t+/lf R, (2, s,/l)sin/lnsds}.
0 n 0

Computed solution V(z, x) and its generalized derivative

m

0 T
Vi(t, x) = Z {w'm(t, D+ f (1,7, ) Z 8oz (i) fil 7, uk(f)]dT}zn(x),
k=1

n=1 0

Aycos 4t =) + & [T Rt Dsind,(s —)ds, 0<T<1,

s/n([, T, /l) = )
1 { /li‘f‘;TRm(t,S,/l)SiIl/ln(S—T)ds’ tSTST,

T 2

. KoT A

f R2(t,5, ds = 0" n
0

(A, — A VKo T2

T T
. , 1 ,
Um(t, ) = Y1, [—/ln sin At + /lf R,:(t,s,A)cos A, sds |+ /l—zﬁzn [/ln cos At + /lf R, (t,s,A)sin A, sds]|,
0 n 0

are elements of the space H(Q), O ={0<x<1, 0<t<T}
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THE INCREMENT OF THE FUNCTIONAL AND OPTIMALITY CONDITION

According to monotonicity condition (3), each u(t) = {u,(?), ..., u,,(¢)} vector-control uniquely determines the function
V(t, x). Taking into account this circumstance, we calculate the increment of functional J[u(?)]

T 1
AJu()] = - f Az, V(t, x), w(t, x), u(f)]dt + f {AVA(T, x) + AVX(T, x)}dx,
0 0

where

AL[t, -, u(®)] = I[t, -, u(t) + Au(t)] — [z, -, u(t)],

[z, V(, ), w(t, x), u(t)] = Z gt xi) filt, w (0] = B Z Pl u (1)l (1)
l=1 k=1
Here function w(t, x) is a solution to following adjoint boundary value problem:

T
w,tzw“+/lf K(t,Hw(t,x)dr, 0<x<1, 0<t<T,
0

(T, x) = =2[V(T, x) = &)1,
w (T, x) =2[V(T, x) - &(x)],
wi(1,0) =0, we(t, 1)+ aw(,1)=0. (12)

It is not difficult to prove that following assertion holds (maximum principle): In order for the control u(r) =
{1 (®), ..., up()y € H"(0,T) = H(0,T) X ... x H(0, T) to be optimal, it is necessary and sufficient that the relation

[z, V(t, x), w(t, x), u(t)] = sup I[t, V(t, x), w(t, x), u]

uel

is satisfied for almost all ¢ € (0, T') in the acceptable region F.
Since the acceptable region F' is the open set, then as the consequence of maximum principle for optimality of
controls u (%), ..., u,,(¢), we obtain the following relations

pilt, Mk(t)]pkuk [t, u(£)] ~
2ﬂ fkuk [t’ uk(t)] - gk(xk)w(t, .Xk), (13)

[ 1 o s e 225 ';j;(t)[]tp Z‘]‘:([t;’]“"(t)] = g0t x) > 0, k=1,..m, (14)
k=1 Uy 9

which are called optimality conditions. Here

afk[;, Mk(l)]’ Pra s 1x(1)] = Oprlt, Mk(t)]_
g

Jiaw [, mi ()] = dur

SYSTEM OF NONLINEAR INTEGRAL EQUATIONS OF OPTIMAL CONTROLS

According to optimality condition (13), it is necessary to define the function w(z, x) as a solution to the boundary value
problem (12), which is solved similarly to boundary-value problem (2). It is determined by the formula

o T m
o(t,x) =2 ( — Gy(T, 1, Dhy + fo Go(T, 1, DE(T, 7, 0) ) ge(x0)zn(x) fil, ukm]dr)zn(x),
n=1

k=1
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where a symbol * denotes the sign of transposition,

GulT.1, 4] = (GiulT. 1,41, Go[T.1, A]).
E\T. 7] = (&[T, 7. 4], &,[T.7.A]).
hn = (gln - ¢n(T, /1)’ §2n - w/rn(T9 /l)),

T
G T,t,A] = sinA,(T — 1) + /lf P,(s,t,)sin A,(T — t)ds,
0
T
Go,lT,t,A] = cosA,(T — 1) + /lf P,(s,t,)cos ,(T —t)ds,
0
P,(s,t, ) is a resolvent which appears in solving to adjoint boundary value problem and for this resolvent following

estimates hold

T
KoT
f PX(s,t,ds < —— 2

0 (A — 1A VKo T2

According to condition (13) with respect to optimal control u°(f), we obtain the following system of nonlinear integral
equations

Prlt, wi (D] i [1, ur (1)1
Jru [, ur(1)]

) T m
+ Z 8r(x1)z2n (X )G (T, 1, 1) f E(T,7,2) Z 8k (x)zn () fiel T, up(0)ldr =
n=1 0 k=1

= > g n G (Tt Dhy, k=1,om. (15)

n=1

Note that the solution to this system should also satisfy the optimality conditions (14). We assume that functions
Jilt, ur(1)] satisfy the condition (14). According to the method of work [13], we introduce the notation

Pilt, uk ()] pra, [2, uk ()] ~
fkuk [l, Mk(l)] - O—k(t), k= 1, ey ML (16)

According to condition (14) from (16) the functions u;(f) are uniquely determined, i.e.

w(t) = @lt, o (),B8], k=1,...,m. (17)

Taking into account (16) and (17), we rewrite system (15) in vector form

m

© T
T+ ) Kalxt, o X G(T, 1, 1) f E(T,7,0) ) KiLx, o X /17, (7, 0(0), p)ldT =
0

n=1 k=1

= > Kalx, 0 XaIG (T, 1, Dy,
n=1

where
a(t) = (1(1), . (D),
Kalx1, o %] = (£106)20(X1)s er 800 (620 (i),
¢lT, 0(0), 81 = (211, 71(), Bl, o @il T, (1), B1),
I @@, 0@), B)] = (AT 015 01 (D), B, oo fnl T (7, (D), B)])-

Further by direct calculations following lemmas are proved.

060009-5



Lemma 1 The m'™ dimensional vector-function
h(t) = > Kalx1, o 5nlGy(T, 1, Dby = (A1 (1), (1))
n=1

is an element of the space H™(0,T) = H(0,T) X ... x H(0, T).

Lemma 2 The operator K maps the spaces H"(0, T) into itself, i.e.
e} T m
Klo®] = ) Kalx1, . xa1G3(T, 1, 2) f Ef(T,7,0) ) K;1x1, oo 5l {17, 0(7, (1), B)ldT
n=1 0 k=1

is an element of the space H™(0, T) for any o(t) € H"(0, T).
Lemma 3 Suppose that the functions fi[t, ui(t)] and ¢ilt, o (t), 8] satisfy the following Lipschitz conditions:
|felt, we(0)] = filt, i (D]| < feolu®) = ()], fio > 0,
lxlt. ok(0). B = @ilt. (1), 81| < @roloi®) = F4(0)]. @ro(B) > 0.
Then if the condition

er N (L LPKT? = _ ~ )
Y= ST ;gko(ﬂ_ﬁ + g)(l + m fO()DO(B) < 1’ fO - maX(f]o, (223 me)’ ‘p(](ﬁ) - maX(‘Plo(ﬂ)a weey ‘Pmo(ﬁ))

holds, the operator K is contractive.

For unique solvability of nonlinear optimization problem for elastic oscillations with multipoint controls, the
following theorem is true.

Theorem 4 Suppose that conditions of optimization problem (1)-(4), conditions of Lemmas 1-3 and the condition
(14) are satisfied, then operator equation o = K[o"] + h has an unique solution in space H™ (0, T).

Proof. As H"(0, T') is complete metric space and K is the operator mapping into itself, according to the well-known
theorem on contracting mappings [14], the operator equation o = K[o] + h has an unique solution in the space
H"™(0,T) that can be found by the method of successive approximations

o, =Klo,-1]+h, n=1,2,3,..,

where o7(?) is an arbitrary element of the space H"(0, T). The exact solution o’(f) = lim o,(¢) and its approximations
n—oo
satisfy the following relation:

n

Y
-

llo(®) = owOllgmo,1) < 1 IK[oo(D)] + h(t) — aoDllam©,1)-

Substituting the computed solution °(¢) = (o-?(t), " o-%(t)) in (17), we obtain the optimal control

(1) = gelt, V(0,81 k=1,...m,

which is the solution to system of nonlinear integral equations (15) and satisfying conditions (14).
Next we find the optimal process

S T m
Ve = Y (it 0+ [ and) ) atom s oo
k=1

n=1 0

and calculate the minimum value of the functional

1 T m
J ()] = fo ([VO(T,X)—fl(X)]Z'*‘[V?(T,X)—fz(x)]z)dx"'ﬁ fo > il uoldr. B> 0.
k=1

The found triplet (uo(t), Vot x), J [uo(t)]) is a complete solution to the nonlinear optimization problem.
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